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Abstract
In this article, we introduce a mixed-type implicit iterative scheme to approximate the
common fixed points of finite families of three uniformly L-Lipschitzian total
asymptotically pseudocontractive mappings in Banach spaces. Also, we prove some
strong convergence results of the proposed iterative scheme. Our results which are
new, improve and generalize the results of many prominent authors exiting in the
literature.
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1 Introduction

Let W denote the nonempty closed subset of a Banach space Q with dual Q�. Let J
stand for the normalized duality mapping from W into 2W

�
and it is defined by

JðpÞ ¼ ft� 2 W� : hp; t�i ¼ kpk2 ¼ kt�k2g; 8 p 2 W; ð1:1Þ
where h:; :i denote the generalized duality pairing. Throughout this manuscript, we
denote the single-valued-normalized duality by j, set of all positive integers is
denoted by Rþ, set of all natural number is denoted byN and set of all fixed points of
a mapping M : W ! W is denoted by FðMÞ ¼ fp 2 W : Mp ¼ pg. The fixed-point
theory is important to many applied and theoretical fields, such as linear and vari-
ational inequality, nonlinear analysis, approximation theory, dynamic system theory,
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mathematical modelling, mathematics of fractals, mathematical economics (equi-
librium problems, game theory and optimization problems), differential and integral
equations. For recent results on applications of fixed point, the reader may refer to
[2–5, 10–12, 19–23].

Definition 1.1 A self-mapping M defined on W is called uniformly Lipschitzian, if
for all p; q 2 W, there exists a constant L� 0 such that

kMvp�Mvqk� Lkp� qk; 8 v 2 N: ð1:2Þ

Definition 1.2 A self-mapping M defined on W is called pseudocontractive if for
any p; q 2 W, there exists jðp� qÞ 2 Jðp� qÞ such that

hMp�Mq; jðp� qÞi� kp� qk2; ð1:3Þ

Definition 1.3 [30, 31] A self-mapping M defined on W is called asymptotically
pseudocontractive (AP) if there exists a sequence fhvg � ½1;1Þ with hv ! 1 as
v ! 1 such that

hMvp�Mvq; jðp� qÞi� hvkp� qk2; 8 v� 1; and p; q 2 W: ð1:4Þ

Definition 1.4 [27] A self-mapping M defined on W is called asymptotically
pseudocontractive in the intermediate sense (APIS) if there exists a sequence hv �
½1;1Þ with hv ! 1 as v ! 1 and jðp� qÞ 2 Jðp� qÞ such that

lim sup
v!1

sup
ðp;qÞ2W

ðhMvp�Mvq; jðp� qÞi � hvkp� qk2Þ� 0: ð1:5Þ

Set

sv ¼ max 0; sup
p;q2W

ðhMvp�Mvq; jðp� qÞi � hvkp� qk2Þ
( )

:

It implies that sv � 0, sv ! 0 as v ! 1. So, (1.5) becomes

hMvp�Mvq; jðp� qÞi� hvkp� qk2 þ sv; 8 v� 1; p; q 2 W: ð1:6Þ

Definition 1.5 [28] A self-mapping M defined on W is called total asymptotically
pseudocontractive (TAP) if there exists sequences flvg � ½0;1Þ and fnvg � ½0;1Þ
with lv ! 0 and nv ! 0 as v ! 1 such that
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hMvp�Mvq; jðp� qÞi� kp� qk2 þ lv/ðkp� qkÞ þ nv; ð1:7Þ
for all v� 1 and p; q 2 W, where / : ½0;1Þ ! ½0;1Þ is a continuous and strictly
increasing function with /ð0Þ ¼ 0.

Remark 1.6 Suppose /ðpÞ ¼ p2, then (1.7) reduces to the class of APIS mappings as
follows:

hMvp�Mvq; jðp� qÞi� ð1þ lvÞkp� qk2 þ nv ð1:8Þ
for all v� 1; p; q 2 W. Set

sv ¼ max 0; sup
p;q2W

ðhMvp�Mvq; jðp� qÞi � ð1þ lvÞkp� qk2Þ
( )

:

It is not hard to see that the class of APIS mappings is a proper subclass of the class
of TAP mappings.

Remark 1.7 If sv ¼ 0, for all v� 1, then the class of APIS mappings reduces to the
class of AP mappings.

Following the above implications in Remarks 1.6 and 1.7, it follows that the class
of TAP mappings properly includes all other classes of mappings mentioned above.

In recent years, several iterative methods for approximating fixed points of TAP
mappings have been investigated by several researchers (see [1, 7, 8, 13] and the
references therein).

Implicit iterative schemes have been known to be more efficient than the
corresponding explicit iterative schemes. One of the first implicit iterative schemes
was studied in 2001 by Xu and Ori [37]. After this, many implicit iteration processes
for approximating fixed point of nonlinear mappings have been introduced and
studied by many authors (see, e.g., [1, 13, 16–18, 24–26, 32, 36–38]).

In 2007, Thahur [33] proposed the following composite implicit iteration process
for a finite family of asymptotically nonexpansive mappings as follows:

p0 2 W;

pv ¼ ð1� mvÞpv�1 þ mvM
kðvÞ
iðvÞ wv;

wv ¼ ð1� tvÞpv�1 þ tvM
kðvÞ
iðvÞ pv;

8>><
>>: 8v� 1; ð1:9Þ

where fmvg and ftvg are sequences in [0,1] andv ¼ ðk � 1ÞN þ i,
i ¼ iðvÞ 2 f1; 2; :::;Ng, k ¼ kðkÞ� 1 is some positive integers and kðvÞ ! 1 as
v ! 1.

Motivated and inspired by the above results, in this article, we introduce the
following mixed-type iterative method for three finite families of three uniformly L-
Lipschitzian TAP mappings:
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p0 2 W;

pv ¼ ð1� mvÞpv�1 þ mvM
kðvÞ
iðvÞ wv;

wv ¼ ð1� tvÞpv�1 þ tvH
kðvÞ
iðvÞ zv;

zv ¼ ð1� cvÞpv þ cvG
kðvÞ
iðvÞ pv;

8>>>>><
>>>>>:

v 2 N ð1:10Þ

where fmvg; ftvg and fcvg are real sequences in [0,1] and v ¼ ðk � 1ÞN þ i,
i ¼ vðiÞ 2 I ¼ f1; 2; :::;Ng, k ¼ kðvÞ� 1 is some positive integers and kðvÞ ! 1 as
v ! 1.

Remark 1.8 Clearly, our new iterative scheme (1.10) properly contains the implicit
Mann iterative scheme [14], implicit Ishikawa iterative scheme [9], implicit Noor
iterative scheme [15], the iterative schemes (1.9) and several others iterative schemes
in the literature.

We will prove strong convergence theorems for our new iterative algorithm (1.10)
for common fixed points of finite families of three uniformly L-Lipschitzian TAP
mappings in Banach spaces. We also provide an example to validate the assumptions
in our main results. The results in this article extend, generalize and improve the
corresponding results in [13, 25, 26, 29, 33] and several others in the literature.

2 Preliminaries

We recall some relevant definition and lemmas that will be used in this work.

Definition 2.1 [6] A family fMigNi¼1 : C ! C with = ¼ \N
i¼1FðMiÞ 6¼ ; is said to

satisfy condition (B) on W if there exists a nondecreasing self function f defined on
½0;1Þ with f ð0Þ ¼ 0, f ðsÞ[ 0 for all s 2 ð0;1Þ such that for each p 2 W

max
1� i�N

fkp�Mipkg� f ðdðp;=ÞÞ: ð2:1Þ

Lemma 2.2 [36] Let J : Q ! 2Q
�
be the normalized duality mapping. Then for any

p; q 2 Q, we have

kpþ qk2 �kpk2 þ 2hq; jðpþ qÞi; 8jðpþ qÞ 2 Jðpþ qÞ: ð2:2Þ

Lemma 2.3 [35] Let fqvg and fgvg, fmvg be sequences of nonnegative real numbers
satisfying the following inequality:

qv �ð1þ gvÞqv þ mv; v� 1: ð2:3Þ
If
P1

v¼1gv\1 and
P1

v¼1mv\1 then lim
v!1qv exists. Additionally, if fqvg posses a

subsequence fqvig such that qvi ! 0, then lim
v!1 qv ¼ 0.
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3 Main results

Firstly, we show that (1.10) can be applied to estimate the fixed points of TAP
mappings which is assumed to be continuous. Let Mi be a Lim–Lipschitz TAP
mapping with sequences aiv 2 ½0;1Þ and biv 2 ½0;1Þ with aiv ! 0 and biv ! 0 as
v ! 1 for all i 2 ½1;N �, where N 2 N. Let Hi be a Lih–Lipschitz TAP mapping with
sequences f iv 2 ½0;1Þ and div 2 ½0;1Þ with f iv ! 0 and div ! 0 as v ! 1 for all
i 2 ½1;N �, where N 2 N. Let Gi be a Lig–Lipschitz TAP mapping with sequences

giv 2 ½0;1Þ and liv 2 ½0;1Þ with giv ! 0 and liv ! 0 as v ! 1 for all i 2 ½1;N �,
where N 2 N.

Let the mapping Tv : W ! W be defined by

TvðpÞ ¼ ð1� mnÞpv�1 þ mvM
kðvÞ
iðvÞ fð1� tvÞpv�1

þ tvH
kðvÞ
iðvÞ ½ð1� cvÞpþ cvG

kðvÞ
iðvÞ p�g; 8 v� 1:

ð3:1Þ

From (3.1), we have

kTvðpÞ � TvðqÞk ¼ mvkMkðvÞ
iðvÞ fð1� tvÞpv�1 þ tvH

kðvÞ
iðvÞ ½ð1� cvÞpþ cvG

kðvÞ
iðvÞ p�g

�MkðvÞ
iðvÞ fð1� tvÞpv�1 þ tvH

kðvÞ
iðvÞ ½ð1� cvÞqþ cvG

kðvÞ
iðvÞ q�gk

�mvtvLkHkðvÞ
iðvÞ ½ð1� cvÞpþ cvG

kðvÞ
iðvÞ p� � HkðvÞ

iðvÞ ½ð1� cvÞqþ cvG
kðvÞ
iðvÞ q�k

�mntnL
2½ð1� cvÞkp� qk þ cvkGkðvÞ

iðvÞ p� GkðvÞ
iðvÞ qk�

�mvtnL
2½ð1� cvÞkp� qk þ cvLkp� qk�

¼ mvtvL
2½ð1þ cvðL� 1ÞÞ�kp� qk; ð3:2Þ

for all p; q 2 W, where L ¼ maxfL1p; :::; LNp ; L1h; :::; LNh ; L1g; :::; LNg g.
Assume mvtvL2½ð1þ cvðL� 1ÞÞ�\1 for all v� 1, by (3.2), it implies that the

mapping Tv is a contraction. Recalling Banach contraction principle, it follow that a
unique point pv 2 W exist such that

pv ¼ TvðpvÞ ¼ ð1� mvÞpv�1 þ mvM
kðvÞ
iðvÞ fð1� tvÞpv�1

þ tvH
kðvÞ
iðvÞ ½ð1� cvÞpþ cvG

kðvÞ
iðvÞ p�g; 8 v� 1:

This shows that the implicit iteration process (1.10) is well defined. Thus, the
sequence (1.10) can be applied to estimate the common fixed points of three finite
family of uniformly L–Lipschitzian TAP mappings.

Lemma 3.1 Let Q be a Banach space and W be a nonempty close convex subset of
Q. Let i 2 I ¼ ½1;N �, where N 2 N. Let Mi : W ! W be a finite family of uniformly
Lim–Lipschitzian TAP mappings with sequences faivg � ½0;1Þ and fbivg � ½0;1Þ,
where aiv ! 0 and biv ! 0 as v ! 1, Hi : W ! W be a finite family of uniformly
Lih–Lipschitzian TAP mappings with sequences ff ivg � ½0;1Þ and fdivg � ½0;1Þ,
where f iv ! 0 and div ! 0 as v ! 1 and Gi : W ! W be a finite family of
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uniformly Lig–Lipscitzian TAP mappings with sequences fgivg � ½0;1Þ and

flivg � ½0;1Þ, where giv ! 0 and liv ! 0 as v ! 1, for each i 2 I . Let
lv ¼ maxfav; fv; gvg, where av ¼ maxfaiv : i 2 Ig, fv ¼ maxff iv : i 2 Ig and

gv ¼ maxfgiv : i 2 Ig. Let nv ¼ maxfbv; dv; lvg, where bv ¼ maxfkiv : i 2 Ig,
dv ¼ maxfdiv : i 2 Igandlv ¼ maxfliv : i 2 Ig. Suppose = ¼ ðTN

i¼1 FðMiÞÞ
TðTN

i¼1

FðHiÞÞ
TðTN

i¼1 FðGiÞÞ 6¼ ;. Let /ðrÞ ¼ maxf/iðrÞ : i 2 Ig, for each r� 0. Assume
that there exist K;K� [ 0 such that /ðeÞ�K�e2 for all e�K. Let fmvg, ftvg and
fcvg be sequences in [0,1]. If the following assumptions are satisfied:

(i)
P1
v¼1

mv ¼ 1;

(ii)
P1
v¼1

m2
v\1;

(iii)
P1
v¼1

mvlv\1,
P1
v¼1

mvnv\1;

(iv)
P1
v¼1

mvtv\1;

(v) mvtvL2½1þ cvðL� 1Þ�\1,8v� 1, where L ¼ maxfL1m; :::; LNm ; L1h; :::; LNh ;
L1g; :::; L

N
g g.

Let fpvg be a sequence defined by (1.10). Then, lim
v!1kpv � qHk exists for all

qH 2 =.
Proof Let qH 2 =. From (1.10), we have

kzv � qHk ¼kð1� cvÞpv þ cvG
kðvÞ
iðvÞ pv � qHk

¼kð1� cvÞðpv � qHÞ þ cvðGkðvÞ
iðvÞ tv � qHÞk

� ð1� cvÞkpv � qHk þ cvkGkðvÞ
iðvÞ pv � qHk

� kpv � qHk þ cvkGkðvÞ
iðvÞ pv � qHk

� kpv � qHk þ cvLkpv � qHk
¼ ð1þ cvLÞkpv � qHk
� ð1þ LÞkpv � qHk: ð3:3Þ

Using (1.10) and (3.3), we obtain
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kwv � qHk ¼kð1� tvÞpv�1 þ tvH
kðvÞ
iðvÞ zv � qHk

� ð1� tvÞkpv�1 � qHk þ tvkHkðvÞ
iðvÞ zv � qHk

�kpv�1 � qHk þ tvLkzv � qHk
�kpv�1 � qHk þ tvLð1þ LÞkpv � qHk:

ð3:4Þ

Now, from (1.10) and by Lemma 2.2, we have

kpv � qHk2 ¼kð1� mvÞpv�1 þ mvM
kðvÞ
iðvÞ wv � qHk2

¼kð1� mvÞðpv�1 � qHÞ þ mvðMkðvÞ
iðvÞ wv � qHÞk2

�ð1� mvÞ2kpv�1 � qHk2 þ 2mvhMkðvÞ
iðvÞ wv � qH; jðpv � qHÞi

¼ð1� mvÞ2kpv�1 � qHk2 þ 2mvhMkðvÞ
iðvÞ wv

�MkðvÞ
iðvÞ pv þMkðvÞ

iðvÞ pv � qH; jðpv � qHÞi
¼ð1� mvÞ2kpv�1 � qHk2 þ 2mvhMkðvÞ

iðvÞ wv �MkðvÞ
iðvÞ pv; jðpv � qHÞi

þ 2anhMkðvÞ
iðvÞ pv � qH; jðpv � qHÞi

� ð1� mvÞ2kpv�1 � qHk2 þ 2mvkMkðvÞ
iðvÞ wv �MkðvÞ

iðvÞ pvkkpv � qHk
þ 2mvhMkðvÞ

iðvÞ pv � qH; jðpv � qHÞi
� ð1� mvÞ2kpv�1 � qHk2 þ 2mvLkwv � pvkkpv � qHk

þ 2mvhMkðvÞ
iðvÞ pv � qH; jðpv � qHÞi:

ð3:5Þ

By (1.10), we have that

kwv � pvk�kwv � pv�1k þ kpv�1 � pvk
¼kð1� mvÞpv�1 þ mvH

kðvÞ
iðvÞ zv � pv�1k

þ kpn�1 � ½ð1� mvÞpv�1 þ mvM
kðvÞ
iðvÞ wv�k

� tvkHkðvÞ
iðvÞ zv � pv�1k þ mvkpv�1 �MkðvÞ

iðvÞ wvk
� tvkHkðvÞ

iðvÞ zv � qHk þ tvkpv�1 � qHk
þ mvkpv�1 � qHk þ mvkMkðvÞ

iðvÞ wv � qHk
� tvLð1þ LÞkpv � qHk þ tvkpv�1 � qHk

þ mvkpv�1 � qHk þ mvLfktv�1 � qk þ tvLð1þ LÞkpv � qkg
� tvLð1þ LÞkpv � qHk þ tvkpv�1 � qHk

þ mnkpv�1 � qk þ mvLktv�1 � qk þ mvpvL
2ð1þ LÞkpv � qHk

¼½mv þ tv�kpv�1 � qHk þ ½tvLð1þ LÞ þ mvtvL
2ð1þ LÞ�kpv � qHk

¼½mvð1þ LÞ þ tv�kpv�1 � qHk þ ½tvLð1þ LÞð1þ mvLÞ�kpv � qHk
� ½mvð1þ LÞ þ tv�kpv�1 � qHk þ ½tvLð1þ LÞð1þ LÞ�kpv � qHk
¼fmvð1þ LÞ þ tvgkpv�1 � qHk þ tvLð1þ LÞ2kpv � qHk:

ð3:6Þ

Using (3.6) and (3.5), we get
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kpv � qHk2 �ð1� mvÞ2kpv�1 � qHk2 þ 2mvL½fmvð1þ LÞ þ tngkpv�1 � qHk
þ tvLð1þ LÞ2kpv � qHk�kpv � qHk þ 2mvhMkðvÞ

iðvÞ pv � qH; jðpv � qHÞi
¼ð1� mvÞ2kpv�1 � qHk2 þ 2mvLfmvð1þ LÞ þ tvg

kpv�1 � qHkkpv � qHk
þ 2mvtvL

2ð1þ LÞ2kpv � qk2

þ 2mvhMkðvÞ
iðvÞ pv � qH; jðpv � qHÞi:

ð3:7Þ
It is well known that

kpv�1 � qHkkpv � qHk� 1

2
ðkpv�1 � qHk2 þ kpv � qHk2Þ: ð3:8Þ

By (3.7) and (3.8), we obtain

kpv � qHk2 �ð1� mvÞ2kpv�1 � qHk2 þ 2mvLfmvð1þ LÞ þ tvg
� 1

2
ðkpv�1 � qHk2 þ kpv � qHk2Þ

þ 2mvtvL
2ð1þ LÞ2kpv � qHk2

þ 2mvhMkðvÞ
iðvÞ pv � qH; jðpv � qHÞi

� ½ð1� mvÞ2 þ mvLfmvð1þ LÞ þ tvg�kpv�1 � qHk2

þ ½2mvtvL
2ð1þ LÞ2 þ mvLfmvð1þ LÞ þ tvg�kpv � qHk2

þ 2mvhMkðvÞ
iðvÞ pv � qH; jðpv � qHÞi:

ð3:9Þ

Since Ti ði 2 IÞ are TAP mappings, from (3.9) we obtain

kpv � qHk2 � ½ð1� mvÞ2 þ mvLfmvð1þ LÞ þ tvg�kpv�1 � qHk2

þ ½2mvtvL
2ð1þ LÞ2 þ mvLfmvð1þ LÞ þ tng�kpv � qHk2

þ 2mvðkpv � qHk2 þ lv/ðkpv � qHkÞ þ nvÞ
¼ ½ð1� mvÞ2 þ mvLfmvð1þ LÞ þ tvg�kpv�1 � qHk2

þ ½2mvtvL
2ð1þ LÞ2 þ mvLfmvð1þ LÞ þ tvg þ 2mv�kpv � qHk2

þ 2mvlv/ðkpv � qHkÞ þ 2mvnv:

ð3:10Þ
Since / is a strictly increasing function, we know that /ðeÞ�/ðKÞ, if e�K;
/ðeÞ�K�e2, if e�K. In either case, one can have

/ðeÞ�/ðKÞ þ K�e2: ð3:11Þ
From (3.10) and (3.11), we have
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kpv � qHk2 � ½ð1� mvÞ2 þ mvLfmvð1þ LÞ þ tvg�kpv�1 � qHk2

þ ½2mvtvL
2ð1þ LÞ2 þ mvLfmvð1þ LÞ þ tvg

þ 2mv�kpv � qHk2 þ 2mvln/ðKÞ þ 2mvK
�lnkpv � qHk2 þ 2mvnv

¼ ½ð1� mvÞ2 þ mvLfmvð1þ LÞ þ tvg�kpv�1 � qHk2

þ ½2mvtvL
2ð1þ LÞ2 þ mvLfmvð1þ LÞ þ tvg

þ 2mv þ 2mvK
�lv�kpv � qHk2 þ 2mvlv/ðKÞ þ 2mvnv

¼Rvkpv�1 � qHk2 þ Svktv � qHk2 þ 2mvlv/ðKÞ þ 2mvnv;

ð3:12Þ
where

Rv ¼ð1� mvÞ2 þ mvLfmvð1þ LÞ þ tvg;
Sv ¼ 2mvtvL

2ð1þ LÞ2 þ mvLfmvð1þ LÞ þ tvg þ 2mv þ 2mvK
�lv:

From (3.12), we obtain

kpv � qHk2 � Rv

1� Sv
kpv�1 � qHk2 þ 2mvlv/ðKÞ

1� Sv
þ 2mvnv
1� Sv

¼ 1þ Rv þ Sv � 1

1� Sv

� �
kpv�1 � pk2 þ 2mvlv/ðMÞ

1� Sv

þ 2mvnv
1� Sv

:

ð3:13Þ

Notice that

Rv þ Sv � 1 ¼ m2
v þ mvLfmvð1þ LÞ þ tvg þ 2mvtvL

2ð1þ LÞ2
þ mvLfmvð1þ LÞ þ tvg þ 2mvK

�lv:
ð3:14Þ

Now, set

Vv ¼ Rv þ Sv � 1: ð3:15Þ
Since lim

v!1mv ¼ 0, by assumptions (ii)-(iv), we obtain

Sv ¼ 2mvtvL
2ð1þ LÞ2 þ mvLfmvð1þ LÞ þ tvg

þ 2mv þ 2mvK
�lv ! 0 as v ! 1;

it implies that a positive integer n0 exists such that

1

2
\1� Sv � 1; 8 v� n0:

Therefore, (3.13) yields
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kpv � qHk2 � 1þ 2Vvð Þkpv�1 � qHk2 þ 4mvlv/ðKÞ þ 4mvnv

¼ 1þ Uvð Þkpv�1 � qHk2 þ Kv; 8 v� n0;
ð3:16Þ

where

Uv ¼ 2Kv;

Kv ¼ 4mvlv/ðKÞ þ 4mvnv:

By conditions (ii)–(iv), we can easily see that
P1

v¼1 Uv\1 and
P1

v¼1 Kv\1.
Obviously, by (3.16), it follows that all the assumptions of Lemma 2.3 are performed.
Hence, lim

v!1kpv � qHk exists for all qH 2 =. h

Theorem 3.2 Let Q be a Banach space and W be a nonempty close convex subset
of Q.Let i 2 I ¼ ½1;N �, where N 2 N. Let Mi : W ! W be a finite family of
uniformly Lim–Lipschitzian TAP mappings with sequences faivg � ½0;1Þ and
fbivg � ½0;1Þ, where aiv ! 0 and biv ! 0 as v ! 1, Hi : W ! W be a finite
family of uniformly Lih–Lipschitzian TAP mappings with sequences ff ivg � ½0;1Þ
and fdivg � ½0;1Þ, where f iv ! 0 and div ! 0 as v ! 1 and Gi : W ! W be a
finite family of uniformly Lig–Lipscitzian TAP mappings with sequences fgivg �
½0;1Þ and flivg � ½0;1Þ, where giv ! 0 and liv ! 0 as n ! 1, for each i 2 I . Let
lv ¼ maxfav; fv; gvg, where av ¼ maxfaiv : i 2 Ig, fv ¼ maxff iv : i 2 Ig and

gv ¼ maxfgiv : i 2 Ig. Let nv ¼ maxfbv; dv; lvg, where bv ¼ maxfkiv : i 2 Ig, dv ¼
maxfdiv : i 2 Ig and lv ¼ maxfliv : i 2 Ig. Suppose = ¼ ðTN

i¼1 FðMiÞÞ
T

ðTN
i¼1 FðHiÞÞ

TðTN
i¼1 FðGiÞÞ 6¼ ;. Let /ðrÞ ¼ maxf/iðrÞ : i 2 Ig, for each r� 0.

Assume that there exist K;K� [ 0 such that /ðeÞ�K�e2 for all e�K. Let fmvg, ftvg
and fcvg be sequences in [0,1]. If the following assumptions are performed:

(i)
P1
v¼1

mv ¼ 1;

(ii)
P1
v¼1

m2
v\1;

(iii)
P1
n¼1

mvlv\1,
P1
v¼1

mvnv\1;

(iv)
P1
v¼1

mvtv\1;

(v) mvtvL2½1þ vvðL� 1Þ�\1, 8v� 1, where L ¼ maxfL1m; :::; LNm ;
L1h; :::; L

N
h ; L

1
g; :::; L

N
g g.

Let fpvg be a sequence defined by (1.10). Then, fpvg converges strongly to a point in
= if and only if
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lim inf
n!1 dðpv;=Þ ¼ 0; ð3:17Þ

where dðp;=Þ stands for the distance of p to set =, that is, dðp;=Þ
¼ inf qH2= dðp; qHÞ.
Proof The necessity of condition (3.17) is trivial.

Now, we show the sufficiency of Theorem 3.2. Given qH 2 =. By (3.16) in
Lemma 2.3, we obtain

½dðpv;=Þ�2 �ð1þ UvÞ½dðpv�1;=Þ�2 þ Kv; 8 v� v0: ð3:18Þ

Using conditions ðiiÞ � ðivÞ, we have
P1
v¼1

Uv\1 and
P1
v¼1

Kv\1. From (3.18) and

Lemma 2.3 we know that lim
v!1½dðpv; ;=Þ�

2 exists, further, lim
v!1 dðpv;=Þ exists. From

condition (3.17), we obtain

lim
n!1 dðpv;=Þ ¼ 0: ð3:19Þ

Next we show that fpvg is a Cauchy sequence in W. Since
P1

v¼1Kv\1, then
1þ p� ep for all p[ 0 and by (3.16) we therefore have

kpv � qHk2 � eUvkpv�1 � qHk2 þ Kv; � n0: ð3:20Þ
Thus, given any positive integers v; s� v0, from (3.20) we obtain

kpvþs � qHk2 � eUvþskpvþs�1 � qHk2 þ Kvþs

� eUvþs ½eUvþs�1kpvþs�2 � qHk2 þ Kvþs�1� þ Kvþs

� eUvþsþUvþs�1kpvþs�2 � qHk2 þ Kvþs�1� þ Kvþs

� 	 	 	

� e
Pvþs

i¼vþ1
Uikpv � qHk2 þ e

Pvþs

i¼vþ2
Ui

Xvþs

i¼vþ1

Ki

� fkpv � qHk2 þ f
X1
i¼vþ1

Ki;

ð3:21Þ

where f ¼ e
P1

v¼1
Uv\1:

Since lim
n!1 dðpv;=Þ ¼ 0 and lim

v!1Kv\1, there exists a positive integer v1 � v0

such that for any given �[ 0, we have

½dðpv;=Þ�2; �2

8ðfþ 1Þ ;
X1
i¼vþ1

Ki;
�2

4f
; 8 v� v1: ð3:22Þ

Thus, there exists p1 2 = such that
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kpv � p1k2\ �2

8ðfþ 1Þ ; 8 v� v1: ð3:23Þ

It follows that for any v� v1 and for all s� 1 we have

kpvþs � pvk2 � 2ðkpvþs � p1k2 þ kpv � p1k2Þ

� 2ð1þ fÞkpv � p1k2 þ 2f
X1
i¼vþ1

ui

\2 	 �2

4ðfþ 1Þ ð1þ fÞ þ 2f 	 �
2

4f

¼ �2;

i.e.,

kpvþs � pvk\�:

It follows that the sequence fpvg is Cauchy in W. Since W is complete, one can
assume that pv ! q�1 2 W.

Next, we show that q�1 2 =. Proving by contradiction, we assume that q�1 is not in
= ¼ ðTN

i¼1 FðMiÞÞ
TðTN

i¼1 FðHiÞÞ
TðTN

i¼1 FðGiÞÞ 6¼ ;. Since = is a closed subset of
Q, we have that dðq�1;=Þ[ 0. Thus, for all q� 2 =, we have

kq�1 � qHk�kq�1 � pvk þ kpv � qHk; ð3:24Þ
which implies that

dðq�1;=Þ�kpv � q�1k þ dðpv;=Þ; ð3:25Þ
thus, we have dðq�1;=Þ ¼ 0 as v ! 1, which contradicts to dðq�1;=Þ[ 0. Hence,
q�1 2 =. This completes the proof. h

The following results are derived from Theorem 3.2

Corollary 3.3 Let Q be a Banach space and W be a nonempty close convex subset
of Q. Let i 2 I ¼ ½1;N �, where N 2 N. Let Mi : W ! W be a finite family of
uniformly Lim–Lipschitzian TAP mappings with sequences faivg � ½0;1Þ and
fbivg � ½0;1Þ, where aiv ! 0 and biv ! 0 as v ! 1. Let lv ¼ maxfaiv : i 2 Ig,
nv ¼ maxfbiv : i 2 Ig. Suppose = ¼ TN

i¼1 FðMiÞ 6¼ ;. Let /ðrÞ ¼ maxf/iðrÞ :
i 2 Ig, for each r� 0. Assume that there exist K;K� [ 0 such that /ðeÞ�K�e2

for all e�K. Let fpvg be the sequence defined by

123

M. O. Udo et al.



p0 2 W;

pv ¼ ð1� mvÞpv�1 þ mvM
kðvÞ
iðvÞ wv;

wv ¼ ð1� tvÞpv�1 þ tvM
kðvÞ
iðvÞ zv;

zv ¼ ð1� cvÞpv þ cvM
kðvÞ
iðvÞ pv;

8>>>>><
>>>>>:

v 2 N; ð3:26Þ

where fmvg; ftvg and fcvg are real sequences in [0,1] and v ¼ ðk � 1ÞN þ i,
i ¼ vðiÞ 2 I , k ¼ kðvÞ� 1 is some positive integers and kðvÞ ! 1 as v ! 1. If the
following assumptions are performed:

(i)
P1
v¼1

mv ¼ 1;

(ii)
P1
v¼1

m2
v\1;

(iii)
P1
v¼1

mvlv\1,
P1
v¼1

mvnv\1;

(iv)
P1
v¼1

mvtv\1;

(v) mvtvL2½1þ cvðL� 1Þ�\1, 8v� 1, where L ¼ maxfL1m; :::; LNmg.

Then, fpvg converges strongly to a point in = if and only if

lim inf
n!1 dðpv;=Þ ¼ 0; ð3:27Þ

where dðp;=Þ denotes the distance of p to set =, that is, dðp;=Þ ¼ inf qH2= dðp; qHÞ.
Proof Put Mi ¼ Hi ¼ Gi in Theorem 3.2, then we obtain the desired result. h

Corollary 3.4 Let Q be a Banach space and W be a nonempty close convex subset
of Q. Let i 2 I ¼ ½1;N �, where N 2 N. Let Mi : W ! W be a finite family of
uniformly Lim–Lipschitzian TAP mappings with sequences faivg � ½0;1Þ and
fbivg � ½0;1Þ, where aiv ! 0 and biv ! 0 as v ! 1. Let lv ¼ maxfaiv : i 2 Ig,
nv ¼ maxfbiv : i 2 Ig. Suppose = ¼ TN

i¼1 FðMiÞ 6¼ ;. Let
/ðrÞ ¼ maxf/iðrÞ : i 2 Ig, for each r� 0. Assume that there exist K;K� [ 0 such
that /ðeÞ�K�e2 for all e�K. Let fpvg be the sequence defined by

p0 2 W;

pn ¼ ð1� mvÞpv�1 þ mvM
kðvÞ
iðvÞ wv;

wn ¼ ð1� tvÞpv�1 þ tvM
kðvÞ
iðvÞ pv;

8>><
>>: v 2 N; ð3:28Þ

where fmvg, ftvg are real sequences in [0,1] and n ¼ ðk � 1ÞN þ i, i ¼ vðiÞ 2 I ,
k ¼ kðvÞ� 1 is some positive integers and kðvÞ ! 1 as n ! 1. If the following
assumptions are performed:

(i)
P1
v¼1

mv ¼ 1;
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(ii)
P1
v¼1

m2
v\1;

(iii)
P1
v¼1

mvlv\1,
P1
v¼1

mvnv\1;

(iv)
P1
v¼1

mvtv\1;

(v) mvtvL2\1, 8v� 1, where L ¼ maxfL1m; :::; LNmg.

Then, fpvg converges strongly to a point in = if and only if

lim inf
v!1 dðpv;=Þ ¼ 0; ð3:29Þ

where dðp;=Þ denotes the distance of p to set =, that is, dðp;=Þ ¼ inf qH2= dðp; qHÞ.
Proof Put vn ¼ 0 in Corollary 3.3, then we obtain the required result. h

Corollary 3.5 Let Q be a Banach space and W be a nonempty close convex subset
of Q. Let i 2 I ¼ ½1;N �, where N 2 N. Let Mi : W ! W be a finite family of
uniformly Lim–Lipschitzian TAP mappings with sequences faivg � ½0;1Þ and
fbivg � ½0;1Þ, where aiv ! 0 and biv ! 0 as v ! 1. Let lv ¼ maxfaiv : i 2 Ig, nv
¼ maxfbiv : i 2 Ig. Suppose = ¼ TN

i¼1 FðMiÞ 6¼ ;. Let /ðrÞ ¼ maxf/iðrÞ : i 2 Ig,
for each r� 0. Assume that there exist K;K� [ 0 such that /ðeÞ�K�e2 for all
e�K. Let fpvg be the sequence defined by

p0 2 W;

pn ¼ ð1� mvÞpv�1 þ mvM
kðvÞ
iðvÞ pv�1;

(
v 2 N; ð3:30Þ

where fmvg is a real sequence in [0,1] and v ¼ ðk � 1ÞN þ i, i ¼ vðiÞ 2 I , k ¼
kðvÞ� 1 is some positive integers and kðvÞ ! 1 as n ! 1. If the following
assumptions are performed:

(i)
P1
v¼1

mv ¼ 1;

(ii)
P1
v¼1

m2
v\1;

(iii)
P1
n¼1

mvlv\1,
P1
v¼1

mvnv\1.

Then, fpvg converges strongly to a point in = if and only if

lim inf
n!1 dðpv;=Þ ¼ 0; ð3:31Þ

where dðp;=Þ denotes the distance of p to set =, that is, dðp;=Þ ¼ inf qH2= dðp; qHÞ.
Proof Put tv ¼ 0 in Corollary 3.4, then we obtain the required result. h
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Corollary 3.6 Let Q be a Banach space and W be a nonempty close convex subset
of Q. Let i 2 I ¼ ½1;N �, where N 2 N. Let Mi : W ! W be a finite family of
uniformly Lim–Lipschitzian TAP mappings with sequences faivg � ½0;1Þ and
fbivg � ½0;1Þ, where aiv ! 0 and biv ! 0 as v ! 1, Hi : W ! W be a finite
family of uniformly Lih–Lipschitzian TAP mappings with sequences ff ivg � ½0;1Þ
and fdivg � ½0;1Þ, where f iv ! 0 and div ! 0 as v ! 1. Let lv ¼ maxfav; fvg,
where av ¼ maxfaiv : i 2 Ig and fv ¼ maxff iv : i 2 Ig. Let nv ¼ maxfbv; dvg, where
bv ¼ maxfbin : i 2 Ig and dv ¼ maxfdiv : i 2 Ig. Suppose = ¼ ðTN

i¼1 FðMiÞÞTðTN
i¼1 FðHiÞÞ 6¼ ;. Let /ðrÞ ¼ maxf/iðrÞ : i 2 Ig, for each r� 0. Assume that

there exist K;K� [ 0 such that /ðeÞ�K�e2 for all e�K. Let fpvg be the sequence
defined by

p0 2 W;

pv ¼ ð1� mvÞpn�1 þ mvM
kðvÞ
iðvÞ wv;

wn ¼ ð1� tvÞpv�1 þ tvH
kðvÞ
iðvÞ pv;

8>><
>>: n 2 N; ð3:32Þ

where fmvg and ftvg are real sequences in [0,1] and v ¼ ðk � 1ÞN þ i, i ¼ vðiÞ 2 I ,
k ¼ kðvÞ� 1 is some positive integers and kðvÞ ! 1 as v ! 1. If the following
assumptions are performed:

(i)
P1
v¼1

mv ¼ 1;

(ii)
P1
v¼1

m2
v\1;

(iii)
P1
v¼1

mvlv\1,
P1
v¼1

mvnv\1;

(iv)
P1
v¼1

mvtv\1;

(v) mvtvL2\1, 8v� 1, where L ¼ maxfL1m; :::; LNm ; L1h; :::; LNh g.

Then, fpvg converges strongly to a point in = if and only if

lim inf
v!1 dðpv;=Þ ¼ 0; ð3:33Þ

where dðp;=Þ denotes the distance of p to set =, i.e., dðp;=Þ ¼ inf qH2= dðp; qHÞ.
Proof Put cv ¼ 0 in Theorem (), then we obtain the needed result. h

These are just but a few of the numerous results that can be obtain from
Theorem 3.2
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4 Conclusion

In this manuscript, we have studied the class of TAP mappings which is known to be
superclass of the classes of nonexpansive mappings and classes pseudocontractive
mappings which have been studied in [25–27, 29, 33, 36]. Moreover, since our new
iterative method contains those studied in [25–27, 29, 33, 36], it follows that our
results improve, complement, generalize and extend the corresponding results in [25–
27, 29, 33, 36] and many other prominent results in the current literature.

Availability of data and material The data used to support the findings of this study are included within the
article.
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